This effect is illustrated in Figures  1 and 2 . Figure 1 shows the MUSIC spectrum obtained under normal conditions. In Figure 2 , small errors have been introduced into the positions of some of the sensors. These results are described in detail below.
INTRBDUCTIQN
In bearing estimation, the outputs from a set of sensors are analysed to determine the bearings of signals arriving at the array [1,2,3]. The positions of the sensors are normally assumed to be known precisely. However, if there are errors in the positions then these assumptions are false and the bearing estimation is less accurate. Brandwood
[4] presents examples of bearing spectra obtained using incorrect positions. However, no solution to the problem has been reported. This paper introduces a new algorithm to compensate for sensor positioning errors.
A comparison of the conventional beamforming Figure 1 shows the MUSIC spectrum obtained under normal conditions. In Figure 2 , small errors have been introduced into the positions of some of the sensors. These results are described in detail below.
The poor performance in the presence of sensor positioning errors is not caused by the incorrect positions per se but by the inconsistency between these positions and the "theoretical" ones assumed in the bearing estimation process. In the proposed calibration method, the mray is illuminated with transmissions from known directiuns and the sensor outputs are analysed to determine the true sensor positions. This "position estimation" problem is closely related to the normal bearing estimation one.
The system thus has two modes of operation. In the calibration mode, transmissions with known bearings are provided and the new calibration algorithm is used to estimate the true positions of the sensors. In the normal operational mode, the estimated sensor positions are used by a bearing estimation algorithm to measure the bearings of unknown transmissions. Since the calibration algorithm is based on MUSIC, it is recommended that MUSIC should be used to perform the bearing estimation. 
where H denotes the Hermitian transpose.
53.2.2
The true signal vectors, qm, produce projections with a length of zero since they lie entirely in the signal subspace [3]. and &(i). The process is initialised using the theoretical sensor positions. In practice, these are likely to bi, very good estimates of the true positions.
At each step, the estimates are updated as follows. where * denotes the complex conjugate.
RESULTS

Scenario
The simulation results described below were obtained using an array consisting of five sensors evenly spaced around a circle of radius 0.5 wavelengths with a sixth sensor at the centre. These were the theoretical sensor positions.
SNRs of between 15dB and 60dB were investigated. The covariance matrix was formed using either 1600 snapshots, 6400 snapshots, or analytically through mathematical expectations. When snapshots were used, the sampling rate was approximately 8.21 samples per cycle.
The total sensor positioning error €or a particular array was expressed as the sum of the X and Y displacements over all of the sensors. This measure is plotted on a logarithmic scale in the graphs.
Three calibration transmissions were present throughout the sampling period. The bearings of the transmissions were -127, 0, and 123 degrees. Each had a power of OdB.
MUSIC with Calibration
Figures 1, 2, and 4 illustrate the improved bearing estimation achieved by the new algorithm. The plots are all produced using MUSIC, however a different set of sensor positions has been used for each spectrum as discussed below. The total sensor positioning error is 0.02 wavelengths. The SNR is 40dB and the covariance matrix was formed using 6400 snapshots. Figure 1 shows the spectrum obtained using the true sensor positions. This is a typical MUSIC spectrum with large, sharp peaks at the correct bearings. Clearly, this spectrum could not be obtained in practice since the true sensor positions are unknown! The spectrum produced using the theoretical sensor positions is presented in Figure  2 . This illustrates the performance that would be obtained using conventional MUSIC processing. The peak heights have been significantly reduced and there are small errors in the measured bearings. Figure 4 shows the spectrum obtained after calibration using the new algorithm. The total sensor positioning error has been reduced from 0.02 to 0.0002 wavelengths. Since the error is so small, the resulting spectrum is very similar to the one that would be produced using the true positions as shown in Performance with Noise Figure 5 shows the relationship between the SNR and the performance of the calibration algorithm.
The SNR is defined to be the ratio of the power in one of the transmissions to the power of the additive noise component in the output from one of the sensors. The noise level is the same for all of the sensors and is uncorrelated between sensors. The vertical axis shows the total sensor positioning error after calibration. This is normaliscd SO that zero corresponds to the original error of 0.02 wavelengths. Figure 5 were produced by computing the covariance matrix in different ways. When the mathematical expectation is used, the noise only affects the elements on the leading diagonal since the noise signals from different sensors are uncorrelated. A change in the SNR has the effect of adding a constant to each of the eigenvalues. However, the eigenvectors are unaffected. Thus the performance of the calibration algorithm is independent of the SNR. Note that this level of performance cannot be achieved in practice since an infinite number of snapshots would be required to approach the expectation whereas the signal environment is likely to be stationary only for a finite period of time.
The three lines in
The Figure also shows the performance obtained when the, covariance matrix is formed using a relatively small number of snapshots. Results are plotted for 1600 and 6400 snapshots. The performance of the calibration algorithm improves with increasing SNR.
The logarithmic scale reveals an approximately linear relationship. Simulation results have been presented to demonstrate the improved performance of the bearing estimation process when the new algorithm is used. The robustness of the method in the presence of uncorrelated noise has also been illustrated.
